The Optimal Power Flow (OPF) model for low voltage active Distribution Networks (DNs), which are equipped with neutral conductors, requires an explicit representation of both phases and neutral conductors in its formulation to obtain complete information about the state variables related to these conductors. In this regard, a centralized OPF relaxation based on semi-definite programming is presented in this paper for neutral-equipped DNs hosting ZIP loads and neutral-ground impedance, and contain a significant level of unbalance. The major restriction in the development of an OPF model for these networks is the coupled power injection across the conductors which is successfully handled by deriving the explicit active and reactive power injections for each conductor through a network admittance matrixbased approach. The shortcomings of existing voltage magnitude-based technique for the modelling of ZIP loads are comprehensively reported and a novel complex voltage variable-based approach is proposed which successfully incorporates ZIP loads in the developed multi-phase OPF relaxation. For the handling of constant current load, a modelling approach based on the first-order-Taylor series is introduced as well. Furthermore, the impact of the application of Kron reduction approach on the global optimal solution of single-and multiple-point grounded DNs is discussed in detail. Three metrics, eigenvalue ratio, power mismatch and cumulative normalized constraint violation, are utilized to evaluate the exactness of proposed relaxation. Simulations, carried out on several medium and low voltage DNs, show that the proposed relaxation is numerically exact under several combinations of ZIP load parameters and a reasonable range of grounding impedance value for both time-varying and extreme system loading scenarios irrespective of the degree of unbalance in a network.
I. INTRODUCTION
The rapid proliferation of renewable Distributed Energy Resources (DERs) in Distribution Networks (DNs), particularly Low Voltage (LV) networks, has raised several technical issues, such as voltage rise, voltage unbalance, reverse power flow etc., [1] , which hinder the reliable and secure operation of these networks. Consequently, the optimal control and management of these networks have gained significant attention in the past decade to tackle these issues [2] - [4] . In this regard, AC-OPF, dynamic stability analysis and simulations, state estimation etc. are being considered as key tools for ensuring the efficient and safe operation of these networks. Among them, an immense effort has been put in solving the AC-OPF problem due to its non-linear, non-convex and NP-hard nature [5] . In this regard, a voluminous amount of literature is published on the solution algorithms, such as Newton-based methods [6] , [7] , linear and quadratic programming [8] , non-linear and polynomial programming [9] , interior point methods [10] and heuristic optimization techniques [11] , for the single-phase equivalent AC-OPF problem. However, these deterministic and stochastic algorithms do not guarantee the global optimality and feasibility of the obtained solution due to the lack of sufficient criteria.
Recently, AC-OPF problem is reformulated as a convex Optimization Problem (OP) by leveraging tools from the convex optimization theory. These tools either relax or approximate the non-convex Feasible Region (FR) of the original problem into a convex FR and try to find the solution in the convexified region. In this context, Semi-Definite Programming (SDP) [12] , [13] , Second-Order-Cone-Programming (SOCP) [14] , [15] , quadratic convex [16] , sequential convex [17] , moment/sum-of-squares [18] -based single-phase equivalent OPF models have been developed. The global optimality of SDP-based relaxation for radial and mesh DNs has been proven in [19] , [20] and [21] , respectively, whereas the exactness of SDP-and SOCP-based OPF models are discussed in [22] and [23] . A detailed survey of these relaxations and approximations can be found in [24] . Due to large computational requirements of SDP-based relaxation, the sparsity of power networks is exploited in [25] - [28] which significantly reduces the Computational Time (CT) of this relaxation and, therefore, allows its practical realization for large-size networks.
To determine the optimal active and reactive power operational points of single-and three-phase DERs connected to Medium Voltage (MV) and/or LV DNs, it is incumbent to solve a multi-phase OPF model. Since these DNs exhibit significant unbalanced loading, solving a single-phase equivalent OPF model provides an incomplete picture of the state variables of these DNs. However, due to the increased complexity and non-convexity of a multi-phase OPF problem, in comparison to a single-phase equivalent OPF model, only few researchers have studied it for three-phase DNs. Among the convex relaxations, SDP-and SOCP-based approaches are extended in [29] and [30] , [31] , respectively for three-phase DNs, whereas, only quite recently, the chordal relaxation-based SDP models are developed in [32] , [33] which exploit the sparsity of three-phase SDP-based relaxation to speed-up the computational process. It must be noted that due to complex analytical characterization of mutually coupled power injections in multi-phase unbalanced DNs, sufficient conditions related to the exactness of multi-phase OPF models do not exist yet.
The developed three-phase OPF models, however, depict some major shortcomings. Firstly, in all proposed models, only phase-ground decoupled power injections have been taken into consideration. However, in the case of a DN which is equipped with a Neutral conductor (DNN) and hosts shunt elements either between phase-neutral (wye) or phasephase (delta) conductors, the assumption of phase-ground power injection is not applicable any more. In such network, the power injections are coupled between two conductors and, therefore, the decoupling of these injections is a must requirement in order to develop an OPF model for it. Secondly, in all the studies except [34] , only constant power load has been taken into consideration. In [34] , a full ZIP load model is taken into account in a single-phase equivalent SDP-based OPF model; however, it has been shown in this work that the approach reported in [34] cannot be generalized for the loads connected in a multi-phase DNN. Lastly, in [29] , the Kron Reduction (KR) technique is utilized to implicitly add the impact of neutral conductor in the OPF model. However, in the case of Single Point Grounded (SPG) and Multiple Point Grounded (MPG) DNs, the unrealistic assumption of equipotential neutral conductor (which is the basis of KR approach) cannot be justified and, resultantly, it becomes necessary to model neutral conductors and neutral-ground impedance explicitly in a multi-phase OPF model.
A. CONTRIBUTIONS
In view of the above-mentioned shortcomings of the three-phase OPF models, the major contributions of this work can be categorized as:
• Proposal of a network admittance-based approach for the decoupling of coupled power injections between the conductors of a DNN • Demonstrating the negative impact of the application of KR methodology on the quality of proposed relaxation in the case of SPG and MPG DNs To achieve these objectives, a network admittance-based concept, Correction Current Injection (CCI) [35] , [36] , is employed which facilitates the representation of a shunt element by a constant admittance and a suitable current injector, and resultantly makes it possible to explicitly represent the power injections in each conductor of a DNN. For ZIP load(s), the current injection terms of CCI methodology are used to express the voltage dependency behaviour of constant impedance and constant current components. The constant impedance load dependency on the square of voltage magnitude term allows its easy handling in the OPF model; however, since constant current component depends on a absolute voltage magnitude term which is not available in the OV of existing three-phase SDP-based OPF relaxation, a modelling technique based on the first-order Taylor series is introduced to incorporate this load component in the proposed MPSDP-based OPF model.
Finally, it must be noted that for single-phase radial DNs, both SDP-and SOCP-based relaxations are equivalent and, therefore, one can solve the SOCP-based relaxation without making any compromise on the solution quality. However, as per authors knowledge, no such equivalence has been established between the primal SDP [29] and BIM-based SDP/BFM-based SDP [30] , [31] relaxations in the case of three-phase DNs. Consequently, a general statement about the existence of equivalency between these relaxations would be an overstatement and, therefore, in this work SDP approach is utilized since it generalizes the SOCP technique.
B. STRUCTURE OF THE PAPER
The rest of the paper is organized as follows. Section II introduces the nomenclature and recalls the modelling of a three-phase SDP-based OPF relaxation. In section III, the decoupled power injections are developed and a brief note on the limitations of voltage-magnitude-based approach [34] is presented. Section IV presents a new complex voltage variable-based approach for incorporating ZIP loads, whereas, in section V, a complete MPSDP-based OPF model for DNNs is presented. Section VI reports the quality assessment of the proposed OPF relaxation and final remarks are concluded in section VII.
II. STANDARD THREE PHASE SDP-BASED AC-OPF MODEL A. NOMENCLATURE
Consider a radial active DN comprising a set N of n+1 nodes as N = {0, 1, 2, · · · , n} and a set E of branches as E = {(i, j) ⊂ N ×N } having τ conductors between any two nodes.
Let 0 represents the slack node and define N + as N \{0}. Consider G ⊆ N be the set of DGs containing s units.
n w i } be the sets containing phase and neutral conductors of a line (i, j) ∈ E and, phase and neutral conductors of a node i ∈ N , respectively. Consider δ i ⊂ {n 1 i , · · · , n w i } be the set containing neutral conductors of a node i and define η i = φ i \δ i be the set containing only phase conductors. Consider
be the set of phase-neutral and phaseground connection of a node i.
] T be the complex phase-ground voltage vector of a node i and define V = [V 1 , · · · , V n ] T be the vector containing voltages of all nodes. For υ ∈ ψ i , let P υ l i /P υ g i and Q υ l i /Q υ g i represent the active and reactive power demand/generation of a load/DG connected between a particular phase and neutral of a node i having constant admittance y υ l i /y υ g i . For a DNN, define y α gnd m be the admittance between neutral and ground of a node m for α ∈ δ m , and finally, let x and x denote the lower and upper limits on a variable x, respectively.
B. CENTRALIZED THREE-PHASE SDP-BASED OPF RELAXATION
The standard SDP-based OPF model for three-phase DNs [29] is briefly recalled in model M1 since it sets the basis of this work. For detailed understanding of this approach, please refer to [29] .
M1: Three-Phase SDP-Based OPF Model
variable : W = VV H subject to :
It can be noticed that constraints (1a)-(1c) are linear with respect to W and are, therefore, convex. The non-convexity of model M1 is restricted to (1e) which can be dropped to make it a convex OPF model. Please note that the voltage vector V in M1 contains only phases voltages. Two key observations can be noticed in the model M1:
1) In (1a)-(1b), phase-ground power injections (P l/g , Q l/g ) are considered. Consequently, the injection at each phase of a node becomes decoupled from the injection at other phases of the same node. 2) Constant power loads are considered in (1a)-(1b). In fact, as stated earlier in section I, the published literature on the convex relaxation-based OPF models, except [34] , has considered this load type due to the fact that its power absorption is voltage independent and, therefore, can be easily incorporated in an OPF model. In [34] , ZIP loads are handled in the framework of an equivalent single-phase representation of an electrical network; however, it is comprehensively demonstrated in section III-B that such modelling technique fails to correctly take into account the behaviour of a ZIP load in the case of multi-phase SPG and MPG DNs.
In the case of neutral-equipped DNs, shunt elements are connected either between phase-phase or phase-neutral conductors and, consequently, model M1 cannot simply be extended to these networks by specifying additional power balance equalities related to the neutral conductor(s) due to the existence of coupled power injections. Furthermore, the OPF model for such networks must be able to correctly capture the behaviour of a complete ZIP load. This is due to the fact that constant impedance and constant current loads are part of the overall connected load and ignoring the impact of their voltage dependency can lead to sub-optimal results. These shortcomings are thoroughly tackled in the next sections where explicit power injections are developed for each conductor of a network through CCI approach. Furthermore, a novel complex voltage variable-based methodology is also introduced to incorporate a ZIP load in the proposed MPSDP-based OPF relaxation.
III. SDP-BASED OPF METHODOLOGY FOR MULTI-PHASE NETWORKS CONTAINING NEUTRAL CONDUCTORS
Consider a typical branch of a 4-wire DN incorporating loads, DGs and grounding impedance as shown in Fig. 1 . Please note that for the sake of clarity, only one neutral conductor is considered in the subsequent derivation. Nevertheless, the presented approach can easily be generalized for any number of neutral conductors. The key concept in the CCI approach is the representation of any shunt element by a combination of a constant admittance and a suitable current injector, if required. The advantage of this methodology is that constant admittance part can be easily incorporated in the bus admittance matrix whereas the voltage dependency of a shunt element can be customized in terms of a current injection term based upon its chosen model i.e., Z, I or P.
On the basis of this approach, the apparent power of a singlephase shunt element can be written as:
where i ∈ N , υ ∈ ψ i , I is current injection and Y υ i 0 is defined as:
where subscript (0) refers to the rated value. It can be noticed that shunt-element admittance is based on the rated apparent power and voltage values and is, therefore, constant, whereas the voltage dependency of each of its component can be defined as follows:
P: I υ:P%
By substituting (4)-(6) in (2), the apparent power corresponding to each component of a single-phase shunt element becomes:
represent the constant admittance terms related to each component of a ZIP load at node i. The parameters k Z , k I and k P represent the coefficients corresponding to active/reactive power injection of constant impedance, constant current and constant power components. The subscript r represents the rth-iteration of a CCI-based load flow. However, in the case of OPF model, it becomes irrelevant and, therefore, has been dropped in the subsequent formulations. It must be noted that in (7a)-(7c), the same voltage dependency for active and reactive power is considered to derive a compact form of the power injections, and subsequently, the OPF model. However, during real-time application of the proposed scheme, the active and reactive power injections related to each component of a ZIP load are multiplied by the respective active k (Z /I /P) p and reactive k (Z /I /P) q power parameters so that their correct voltage dependency can be taken into account.
A. DECOUPLING OF POWER INJECTION BETWEEN PHASES AND NEUTRAL CONDUCTORS
The apparent powers expressed in (7a)-(7c) do not represent the explicit power injections in phases and neutral conductors due to the presence of coupled admittance between them. This indicates that the whole problem of an OPF model development is reduced to split the admittance between the phases and neutral conductors which can be achieved by defining a load matrix i for each node i of the network as follows:
whereĨ is an incidence matrix and is defined as:
vector containing rated admittances of shunt elements connected between phases and neutral conductors of a node i. Through i , the explicit power injections corresponding to each component of a ZIP load at node i become:
where I c i , P c i are load matrices which are independent of ZIP parameters, whereas load matrices Z i , I i , P i are formed by multiplying k Z , k I and k P to the respective load components. S * i is a 4 × 1 vector representing apparent power injection at each conductor of a node i and subscript (0) indicates the initial voltage value at each node. It can now be observed that for a single-phase load connected between phase a and neutral n, the decoupled power injection in these conductors, for a constant impedance component, can be expressed as:
where voltages are referred to ground g. Eqs. (9)-(11) show how decoupled power injections for each component of a ZIP load can be obtained. After obtaining these injections, the last step towards establishing a multi-phase OPF model is to express them in terms of an OV and, subsequently, add them in the proposed relaxation. However, as shown in the next section, the approach reported in [34] is unable to handle ZIP loads in a multi-phase modelling environment due to the lack of availability of complex voltage variables. Consequently, we have proposed a new methodology which generalizes the ZIP load representation in both single-and multi-phase representation of an electrical network. 
B. LIMITATIONS OF VOLTAGE MAGNITUDE-BASED APPROACH FOR THE REPRESENTATION OF A ZIP LOAD
To incorporate the ZIP load, [34] has introduced an additional 2 × 2 rank-1 matrix i (13) at each load bus i.
The matrix i , which contains the voltage magnitude terms |V i |, allows to model the constant impedance and constant power components accurately. However, constant current element can only be represented approximately through it. Please refer to [34] for detailed understanding of this approach. For single-phase equivalent representation of electrical networks, the apparent power injection of a ZIP load can be represented as:
which can be successfully handled by i . For such networks, voltage V i is referred with respect to the ground which is at a fixed potential. However, in the case of a multi-phase DN hosting shunt elements between two floating potential conductors, even the modelling of constant impedance part, which is considered pretty straight forward in the case of single-phase equivalently represented electrical networks, cannot be done through (13) as explained below. Consider a simple two-phase DN, as shown in Fig. (2) , which is grounded through a finite impedance and contains a shunt element between phases α and β. For the sake of clarity, only constant impedance load is considered. For such load type, the apparent power flowing through it can be expressed as:
which, apart from being coupled between phases α and β, depends on a voltage term which is absent in the OV W. However, by expressing |V αβ i | 2 as the product of two complex numbers;
can be expressed in terms of active and reactive power separately as shown in (17)-(18) for phase α.
where R and Im represent the real and imaginary parts of a complex quantity. It can be clearly seen in (17)- (18) that besides the square of voltage magnitude term (|V
-(18) cannot be represented by (13) due to the absence of complex voltage variables in i and, consequently, the approach presented in [34] cannot be generalized for ZIP loads connected in a multi-phase DN exhibiting high levels of unbalance i.e., significant neutral voltage with respect to the earth potential.
IV. COMPLEX VOLTAGE VARIABLE-BASED MODELLING FOR THE REPRESENTATION OF ZIP LOAD
To incorporate the decoupled power injections (9-11) in MPSDP-based OP relaxation, the following new OVŴ is adopted in this work.
As can be seen,Ŵ contains both linear (first row and first column) and product of the complex voltage (W block) terms. Resultantly, each component of a ZIP load can be expressed throughŴ. With the introduction of this new OV, there is no need to specify additional rank-1 matrices at each load bus and, consequently, set the positive semi-definiteness condition and coupling constraints on these matrices as done in [34] which ultimately simplifies the multi-phase OPF model. It is worth mentioning that the proposed approach generalizes the voltage magnitude scheme and can be successfully applied even in the case of single-phase equivalent representation of DNs.
A. REPRESENTATION OF CONSTANT IMPEDANCE AND CONSTANT POWER ELEMENTS
The representation of constant impedance (9) and constant power (11) injections is pretty straight-forward due to the presence of the square of voltage magnitude terms in their formulation which, in turn, are readily available in the W part of the OVŴ. To express the power injections, the following matrices are introduced.
where Y P L is the load matrix formed by 
Based upon these matrices, the active and reactive power injections in (11) become:
where W 0 = V 0 V H 0 and V 0 is defined as the vector of initial voltages at all nodes.
On a similar basis, the injections related to constant impedance part, as shown in (22a)-(22b), can be defined by
The injection related to constant current component contains both absolute and square of the voltage magnitude terms in its formulation as shown below.
The first part i.e., the square of voltage magnitude term, is similar to the constant power and constant impedance parts and can, therefore, be expressed in a similar fashion by replacing Y P L with Y I L (formed by I i ) in (20a). The second part, however, contains a voltage magnitude term which is not available inŴ. Consequently, a modelling formulation based on the first-order Taylor series is proposed to express the complete injection related to the constant current component in terms ofŴ.
To express this part, consider the last term in (7b) for a load connected between phase a and neutral n of node i. (24) is obtained through the firstorder Taylor series which is evaluated at V a 0 . Based on (25), VOLUME 7, 2019 the power injected into phase a and neutral n can be expressed as:
It can be noted that (26)- (27) involve the subtraction of voltage terms which can lead to poor numerical input data to the optimization solver due to the fact that computing softwares, such as MATLAB, do not produce a hard zero and, consequently, an extremely small number (< 10 −7 ) causes the solver either to report numerical problem in the optimization model or to produce sub-optimal results or to make the OP infeasible. Fortunately, the second term in (26) and (27) 
However, it must be emphasized that for highly unbalanced DNs, this assumption would lead to sub-optimal results. Before proceeding further, it is important to mention that in order to develop (28) for other phases b and c, their voltage vectors inŴ must be rotated towards the reference position of phase a to have the same equivalent power injection in these phases corresponding to the same load attached to them as connected to the phase a.
The injections in (28)- (29) can readily be seen as the decoupled injections which can be expressed throughŴ by introducing the following matrix. whereˆ k is defined as:
and c ϕ k is a standard canonical basis vector of R |φ k |×1 corresponding to phase ϕ. Based on (19) and (30), the active and reactive power injections corresponding to (28) for phase a can be written as: 
It has to be noted that the diagonal entry in (30) for a neutral conductor must be removed before developing injections (32a)-(32b) since it does not appear in the neutral component of (29) .
C. INCORPORATION OF GROUNDING IMPEDANCE
In [37] , it has been assumed that the neutral conductor is solidly grounded at each node in a multi-phase DN and, therefore, its impact can be implicitly taken into account through the application of KR methodology. However, this leads to the non-availability of neutral conductor state variables such as voltages and current. Furthermore, in the case of SPG and MPG DNs, the application of KR approach cannot be justified due to the existence of significant neutral voltages and current in this conductor [38] , [39] . Therefore, in this work, the grounding impedance connected between a neutral conductor and ground is considered explicitly and, resultantly, the power injections related to it, as expressed below, are incorporated in the proposed OPF model.
where Y gnd is the neutralground admittance matrix.
V. MULTI-PHASE SDP-BASED OPF MODEL
The centralized MPSDP-based OPF model for DNNs can now be expressed since all active and reactive power injections corresponding to a full ZIP load have been represented explicitly for each phase and neutral conductor. However, it must be noted that all power injections except those shown in (32a)-(32b) must be expressed usingŴ instead of W which can be easily done by appending all Hermitian matrices of the corresponding active and reactive power injections with an additional row and column of zeros. Based onŴ and extended Hermitian matrices, the resultant injections for a 
which can be combined with (34a)-(34b) to express the multiphase OPF model for DNNs as shown in M2. Please note that this model is still a non-convex model but the non-convexity is constrained in (35e) which can be dropped to obtain a convexified OPF model.
VI. NUMERICAL TESTS
In this section, the quality of proposed MPSDP-based OPF relaxation M2 in terms of recovered solution and CT is reported for several combinations of ZIP load parameters and grounding impedance values. The proposed relaxation is applied on several MV (IEEE-13 [40] , MG [29] ) and LV (CIGRE [41] , IT-37 [42] & IT-111 [39] ) active DNs with their degree of unbalance as mentioned in Table 1 . For all simulation scenarios, V and V are set to 0.90 and 1.05 pu, respectively. The simulations are carried out using a MATLAB-based tool box YALMIP [43] along with MOSEK solver on a DELL 64-bit OS, core i7 with a processor speed of 2.80 GHz and 16 GB RAM.
A. CRITERIA FOR THE NUMERICAL EXACTNESS
Three metrics namely Eigen Value Ratio (EVR) [32] , [44] , power mismatch at load (PQ) buses [26] and Cumulative Normalized Constraint Violation (CNCV) [45] are used to check the optimality and feasibility of the recovered solution provided by the proposed relaxation for several combinations of Load Models (LMs) [46] . The EVR is defined as the ratio between the two largest eigenvalues of the obtained solution (λ P andλ P−1 ) which are recovered from the Hermitian matrixŴ having dimensions equal to P = n × τ + 1. Ideally, all eigenvalues except one of this matrix should be zero if its recovered rank is 1. However, due to the limited numerical precision of SDP solvers, it is not possible to satisfy the rank-1 condition (35e) even though the relaxed problem is exact. The EVR is calculated as |λ P−1 |/|λ P | where |λ P−1 |/|λ P | ≥ 0 and the obtained solution is considered as a rank-1 solution for |λ P−1 |/|λ P | ≤ 10 −5 . It is important to mention that %Optimality Gap (OG) is another metric [16] , [47] which is normally used to check the difference between the objective values of a relaxation and its non-convex model which is normally solved by a nonlinear solver such as IPOPT [48] etc. However, in this work, several open source non-convex solvers such as IPOPT [48] , FMINCON, FilterSD [49] and SNOPT [50] failed to solve the multi-phase non-convex OPF model. Consequently, the %OG metric is not used to check the optimality of the obtained solution.
Due to the heuristic nature of EVR criterion (selection of 10 −5 is user dependent) and the inability of implementing %OG metric, power mismatch and CNCV metrics are utilized as additional criteria to check the feasibility of proposed relaxation. The power mismatch criterion checks the power balance constraint at each load bus once the relaxation is solved. In case of a feasible recovered solution, ideally the active and reactive power mismatch at each load bus must be zero. However, numerically it is not possible and, therefore, in this work, the threshold value for power mismatch criterion is selected as 10 −2 [W/VAr] which is lower than the usually specified tolerance value of 10 −1 in power flow solution packages such as PSS/E, and any recovered solution which violates this threshold at any of the load buses is considered as a suboptimal (rank-2) or a completely meaning less (higher than rank-2) solution.
In CNCV criterion, the distance to AC feasibility is calculated if convex relaxation provides an infeasible solution. For this purpose, a simple power flow is run by setting the initial voltages at network buses and active/reactive power set-points of DGs equal to the values obtained from the infeasible solution and after obtaining the feasible solution from power flow, the following CNCV parameter is determined. A cumulative value of 0 indicates that a state variable has not violated its FR and, therefore, the obtained optimal value is a feasible one. In the case of non-zero cumulative value, (38) can, subsequently, be used to determine the distance of state variables to the feasibility point.
Finally, the Objective Functions (OFs) considered in this paper are the minimization of slack bus power (OF1) and minimization of active power losses (OF2). Table 1 summarizes the results related to the exactness and computational efficiency of the proposed scheme. Figs. 3 and 4 represent the active and reactive power mismatch at all load buses and Fig. 5 shows the voltages at all phases of the test networks when M2 is solved for all LMs. The following key observations can be noted from the obtained results.
B. QUALITY ASSESSMENT OF THE PROPOSED OPF RELAXATION
• For all LMs which are independent of constant current component, an exact solution is obtained for all DNs irrespective of their degree of unbalance.
• For lightly and moderately unbalanced DNs, the proposed relaxation is tight, i.e., |λ P−1 |/|λ P | ≤ 10 −5 , for both OFs under various combinations of realistic LMs involving constant current components.
• In the case of highly unbalanced DNs, a higher EVR is obtained under the scenario when constant current component dominates the other components in terms of power injections as can be noticed for LMs 4 and 6. This is caused by the approximate modelling of this component since imaginary part of phases voltages cannot be ignored under highly unbalanced grid operation. Consequently, with respect to the EVR criterion, the relaxation becomes inexact and provides a suboptimal solution. • In terms of power mismatch and CNCV criteria, the apparent exactness of proposed relaxation in the case of lightly and moderately unbalanced DNs, as perceived by the satisfaction of EVR criterion, is further supported by the non-violation of these metrics for all LMs. Resultantly, the obtained solution is regarded as an optimal and feasible solution. On the other hand, for highly unbalanced IEEE-13 bus network, a higher EVR is obtained in the case of LMs 4 and 6 which makes the relaxation inexact and, consequently, as per expectation, the active and reactive power mismatch values for these LMs have also violated the specified threshold level as can be noticed by the extreme outliers in Figs. 3-4 which indicate that the constraint (35a) is weakly satisfied at load buses. However, in the case of CNCV criterion, a value of 0 is obtained for all test cases. Since this criterion is satisfied for all LMs and DNs, it is, therefore, pointless to represent a table showing 0 values for all the state variables. Instead voltage feasibility is presented in Fig. 5 which clearly shows that the recovered voltages at all nodes remain within the prescribed voltage limits. The obtained value of CNCV criterion apparently contradicts the results obtained from the EVR and power mismatch criteria in this sense that one should also expect the network voltages, in the case of LMs 4 and 6, to violate the voltage FR. However, this is not the case due to the fact that initial voltages are set to 1.05pu at all buses in this case, rather than 1.0pu as per the given IEEE data sheet, and this allows the voltages at all buses to stay above the lower limit value. 1 Consequently, the obtained solution, although remains feasible with respect to the voltage values, is considered as a suboptimal solution due to the violation of EVR and power mismatch criteria.
• For CIGRE DN which is also highly unbalanced, a high EVR is obtained in the case of OF1 for LM 4. However, both power mismatch and CNCV criteria are satisfied in 1 The initial voltage level is set to 1.05pu due to the fact that network is heavily loaded and setting an initial value equal to 1.0pu causes the voltage to violate the lower limit even in the case of a simple power flow study. Therefore, in order to obtain a feasible solution, the voltages on secondary side of RG60 are raised to 1.05pu. this case (graphs are not shown here) which indicates that the obtained solution, which indeed satisfies the power balance equalities at all load buses as well as the voltage constraints at all network buses but has an EVR very close to 10 −4 , can be considered as rank-1 solution. Resultantly, it is justified to say that the chosen EVR criterion is quite stringent in terms of characterizing the obtained solution as a rank-1 or higher than rank-1 solution.
• With respect to the highly unbalanced DNs, all evaluation criteria are satisfied in the case of LMs having lower contribution from the constant current load and, therefore, the obtained solution is considered exact for all such cases.
• An interesting observation can be made about the median value of power mismatch criterion which starts increasing with an increase in the degree of unbalance i.e., from IT-37 to IEEE-13. In the case of IT-37 and CIGRE DNs, which are relatively less unbalanced in comparison to the IEEE-13 network, the median value of both active and reactive mismatch remains within 10 −6 − 10 −4 [W/VAr] range, whereas in the case of IEEE-13 bus network, the median value stays between 10 −4 − 10 −3 [W/VAr] range. Consequently, it is perceivable that a higher rank solution can be obtained for a highly unbalanced DN particularly if it is serving a large load of constant current type. However, the same trend is not observed for the lightly unbalanced MG DN which represents a higher median value of power mismatch as compared to the values obtained in the case of IT-37 and CIGRE DNs. This is due to the fact that some branches/lines of this network are extremely short and, as a result, the poor numerical data in the admittance matrix (high admittance values related to these lines) of this network causes the solver to provide an inferior solution.
• For IT-111 bus system, MOSEK is unable to solve the developed OPF relaxation due to the large dimensions ofŴ which, in turn, leads to the formation of extremely large number of internally generated constraints (∼130k) and causes the solver to hit its memory limit. Consequently, for this network, a cheap conic SDP-based OPF relaxation termed as BFM-based SDP relaxation is solved. Please note that the proposed MPSDP-based OPF relaxation generalizes (more tighter) the cheap conic SDP-based OPF relaxation even in the case of radial DNs unless an equivalence is established between them for this network type. Despite being weaker, an exact solution is obtained for this test network in all cases through the cheap conic relaxation as evident by the results shown in Table 1 which indicate that the proposed MPSDP-based OPF relaxation will definitely provide an exact solution with the emergence of more stable and advanced SDP solvers.
• It must be noted that other SDP solvers such as SeDuMi [51] , CSDP [49] , DSDP [49] and SDPT3 [52] have also been utilized to solve the model M2 but all of them reported either numerical problem or produced sub-optimal results. It is expected that with the emergence/improvement of SDP solvers, a higher EVR and, consequently, a more accurate solution will be obtained, but as per authors knowledge, MOSEK is the most widely used solver for SDP problems because of its reliability (even in the case of poor numerical data) and high computational efficiency.
C. EXACTNESS OF THE PROPOSED RELAXATION UNDER TIME VARYING LOADS AND DG PROFILES
In the previous section, the exactness of MPSDP-based OPF relaxation is tested under extreme loading conditions i.e., rated load and generation profiles are used which put maximum stress on DNs. However, in real-time load profiles rarely touch their peak levels and remain well below their rated level. Resultantly, a more realistic case study is presented in this section to evaluate the exactness of proposed relaxation under two LMs 4 and 5 for time-varying loads and DGs profiles. The chosen LMs represent two extremes in terms of contribution from the constant current load. For each LM, the following two case studies are carried out.
Case-1: Time varying loads and DGs profiles
Case-2: Time varying loads and rated DGs profiles The simulations are carried out for one day and the same three criteria, as reported in the previous section, are utilized for the evaluation of both case studies. Figs. 6-9 show the results for LM 4 whereas Figs. 10-13 show the results for LM 5.
The following observations can be made from the obtained results.
• With respect to the case study 1 and LM 4, the relaxation appears to be exact for CIGRE DN as evident by the satisfaction of all criteria i.e., the EVR is less than 1 × 10 −4 , the extreme outliers in the case of power mismatch remain well below the specified threshold value and recovered voltages at all nodes stay within the FR over the whole simulation period as can be noticed in Figs. 6a-9a . In the case of MG DN, the relaxation remains exact over the complete simulation range except at one time instant [7-1/2 th ]hr where EVR goes slightly above its threshold level and power mismatch criterion is weakly violated as well. However, phases voltages remain within the defined FR even in this case and no violation of CNCV criterion is observed at any time instant. Consequently, the obtained solution, although a suboptimal solution, can be used as an initial input to a non-linear global solver due to the fact that the probability of the existence of a global solution in the vicinity of the obtained solution is very high. In the case of IEEE-13 node network, it was expected that the relaxation would provide a suboptimal solution due to its highly unbalanced nature. However, it can be noticed that it remains exact over a large number of time instants and inexactness is observed only at those instants when system loading becomes too high without enough output from the local DGs. Consequently, the EVR criterion is violated as well as the active and reactive power mismatch values become 10 0 in the case of extreme outliers. These results further confirm the previously reported findings that in the presence of dominant constant current injections, a highly unbalanced DN can lead to a poor and suboptimal OPF solution if it is heavily loaded.
On the other hand, the same network has the tendency to provide an exact solution for the same type of LMs if it is lightly or moderately loaded. On the other hand, lightly and moderately unbalanced DNs can provide an exact solution irrespective of the injections magnitude from constant current load.
• With respect to the case study 2 and LM 4, it can be noticed in Fig. 6b that the EVR has improved for all DNs and, in particular, only two violations are observed for IEEE-13 bus network whereas no violation is noted for MG and CIGRE DNs. Furthermore, both active and reactive power mismatch criteria are satisfied for the latter networks and a significant improvement regarding satisfaction of mismatch criterion is achieved for the former network as can be noted by the reduced median value and lower value of extreme outliers. Similarly, the median value of recovered voltages has also increased for all DNs and the values of 25 th and 75 th percentiles are now more close to the median value, therefore indicating a more balanced grid. These findings indicate that the proposed relaxation has tightened as compared to the case study 1 which involves both time-varying load and DG profiles.
• The previous discussion shows that MPSDP-based relaxation has the tendency to remain exact under realistic time-varying loads and rated DGs profiles in the case of those largely dominated constant current LMs which exhibit inexactness under extreme network loading scenario. • With respect to LM 5, it can be noticed in Figs. 10-13 that under mild contribution from the constant current load, the relaxation provides an exact solution for both MG and CIGRE DNs in both case studies as evident from the satisfaction of all three criteria.
• In the case of IEEE-13 node DN, it is expected that the relaxation would remain exact under both timevarying and rated DG profiles since the connected ZIP load has dominant constant impedance and constant power components. However, a higher value of EVR is observed at one time instant in both cases which indicates that the obtained solution is a higher rank solution. However, a closer look at the active and reactive power mismatch values show that only few outliers are above or equal to the threshold level in the first case ( Fig. 11a-12a ) whereas no violation of power mismatch criterion is observed in the second case ( Fig. 11b-12b ). Furthermore, in both case studies, the power mismatch values remain well below the specified threshold level for all the other time instants. Moreover, the CNCV criterion is satisfied as well throughout the simulation range for both test scenarios. Consequently, it can be expected under moderate contribution from constant current loads, an exact solution can be obtained for highly unbalanced DNs.
• Finally, to conclude the above-mentioned discussion about the exactness, and lack-thereof, of proposed relaxation with respect to the degree of unbalance and constant current load injections, an explicit case study is shown in Fig. 14 solely for MG DN, which represents the impact of increasing unbalance in the presence of LM 4. It can be noticed that by going from lightly unbalanced case to highly unbalanced scenario, all evaluation criteria starts reaching their specified threshold levels. The average value of EVR criterion increases significantly from the lightly unbalanced case to the highly unbalanced scenario and relaxation even becomes inexact for the latter case at one time instant. Similarly, the median value of power mismatch criterion has also increased along with the emergence of more extreme outliers. The same behaviour is also noted for the phases-voltages values. Resultantly, it can be concluded that under realistic time-varying load profiles, the relaxation provides an exact solution irrespective of the degree of unbalance in a network as long as injections from a constant current component and system loading do not become too large. 
D. COMPUTATIONAL EFFICIENCY
The CT of proposed approach is shown in Fig. 15a and reported in Table 1 for each LM. It can be noticed that CT increases remarkably with an increase in network size as can be observed for IT-37 bus system. With such a large CT, the real-time implementation of MPSDP-based OPF relaxation for medium and large size DNs is practically non-viable. Moreover, it can also be noted that the CT increases significantly when the dimension of an OPF problem increases by one i.e., from 3-phase to 4-conductor system as shown in Fig. 15b . In the case of small DNs such as MG, CIGRE and IEEE, the CT increases almost by a factor of 3-4, whereas in the case of IT-37 bus network, a 6-7% increase in the time is observed. The CT of IT-111 bus system cannot be compared with the CT of other networks due to the formation of OPF problem through the cheap conic relaxation methodology. However, it can be observed that this relaxation can practically be realized due to its low computational requirements, provided it computes the exact solution. The high CT associated with a large-scale SDP problem is a well known problem in the literature and several techniques based on sparsity exploitation [21] , [25] - [27] , [53] and distributed algorithms [29] , [54] - [56] have been proposed for CT reduction which can, in turn, be adopted for medium and large size DNs to realize the real-time implementation of proposed relaxation for these networks.
E. IMPACT OF GROUNDING IMPEDANCE
The grounding impedance also has a strong impact on the quality of proposed relaxation as evident from the results, reported in Table 2 , which are obtained by varying the grounding impedance from 1 × 10 −6 to 1 × 10 5 for MPG DNs and by setting it to 1 × 10 10 for SPG DNs under a fixed constant power LM. To evaluate the impact of grounding impedance, the objective value of MPSDP-based OPF relaxation is compared with the optimal value obtained from the KR-based OPF model through a %Relative Difference (RD) criterion as represented in (39) . Please note that the bold values reported in the table represent the cases where all evaluation criteria are satisfied and %RD is greater than 1%.
The following key observations can be made with respect to the presented case study: • Emulating KR scenario by putting an extremely small value of grounding impedance leads to a high EVR as can be seen in the first three cases when proposed relaxation is solved for OF1. However, the same trend is not observed in the case of OF2 where a less than 1%RD is observed. Since OF1 deals with the apparent power injection at slack bus to which no load is attached, the grounding impedance value, as a result, becomes significantly relevant in this case. An extremely small value of it (e.g., 1 × 10 −6 ) sets the values of extreme (smallest and largest) coefficients in the OF polynomial equal to 6.8 × 10 −13 and 5.3 × 10 7 , respectively, whereas in the case of 1 value, these coefficients take the value 6.8 × 10 −13 and 1.3 × 10 4 , respectively. A significant reduction in the range of OF polynomial coefficients can be noticed with an increase in the value of grounding impedance, which, in turn, stabilises the input numerical data from the solver perspective and, as a result, a meaningful solution is obtained in the latter case. The presented results show that for DNNs, the proposed multi-phase relaxation can mimic an OPF model based on the KR approach, provided a SDP solver is capable of handling poor numerical data. • With the increase in grounding impedance value from 1 × 10 −2 to 1 × 10 5 , the %RD starts to increase due to the rise in neutral current, and consequently, the values of OFs, particularly network losses, start deviating significantly from the values obtained from the Kron-reduced network since in such DN, the current tends to flow through the ground rather than taking the neutral conductor path. It can be noticed that in the case of OF1, the %RD is as large as 2% whereas in the case of OF2, it has reached to 9%. Similarly, in the case of SPG DN, an 11% RD is observed. These results suggest that the application of KR methodology on DNNs leads to suboptimal results and, therefore, its utilization on neutral-equipped DNs must be avoided.
• With an increase in the degree of unbalance, putting a high neutral-ground impedance to mimic an open circuit condition leads to a high rank solution as can be noticed in few cases (bold-italic) of IEEE-13 node and CIGRE DNs. In all such cases, all three evaluation criteria are violated. The above-mentioned observations demonstrate that the different values of grounding impedance lead to the objective values which can differ significantly from the results obtained from the KR-based OPF model. Consequently, it is unrealistic to adopt this approach for DNs in a which neutral conductor is either ungrounded or grounded through a finite resistance at a single or multiple points.
F. THEORETICAL GUARANTEE OF MULTI-PHASE SDP-BASED OPF RELAXATION
The proposed relaxation is also tested for other LMs (not reported here) which consist of large k I values and it has been found that in majority of the cases, a high rank solution is obtained. Although, there exists some rank-recovery methods as reported in [13] , [57] , [58] , these methods have only been tested for single-phase equivalent networks. Since the non-convexity of a multi-phase OPF problem is much stronger than the non-convexity of a single-phase OPF problem, the ability of these methods to recover a rank-1 solution in the case of an unbalanced multi-phase OPF problem is still an open research task. On the other hand, in the case of greater than rank-2 solution, the obtained solution has no physical meaning and the feasible solution cannot be recovered. In such a case, the obtained solution can be utilized as an input to a deterministic or heuristic algorithm (warm start) to obtain a feasible solution. Furthermore, there does not exist any theoretical guarantee (sufficient conditions) for the exactness of MPSDP-based OPF relaxation due to the extremely complex analytical characterization of power injections which represent strong mutual coupling among line power flows. In [29] and [33] , some attempts are made to exhibit the FR of a two-bus three-phase network. For a strictly increasing OF with respect to the power injections, the FRs of non-convex AC-OPF and relaxed problems are shown to coincide with each other in [29] and, resultantly, it is expected that a rank-1 solution can be obtained for a threephase unbalanced OPF problem. However, a counter example is provided in [33] which shows that the FR of the relaxed problem of the same network can become greater than the FR of the non-convex AC-OPF problem under a non-increasing OF and, therefore, the obtained solution can have a higher rank. These two counter examples clearly indicate that there is a strong need to develop sufficient condition(s) which can guarantee the exactness, and lack thereof, of a MPSDP-based OPF relaxation.
G. CONCLUDING REMARKS
To summarize the findings regarding the quality of proposed relaxation with respect to the degree of unbalance, contribution of ZIP load components, grounding impedance value and CT, a brief discussion is carried out in this section.
• In the case of solely Z, I or P loads, the relaxation recovers an exact solution under any degree of unbalance in a DN.
• In the case of ZIP loads, the relaxation provides an exact solution for lightly and moderately unbalanced DNs for all LMs as evident by the satisfaction of all three criteria. However, in the case of highly unbalanced DNs, the contribution of constant current load plays a significant role in the exactness of proposed relaxation which remains exact under low and moderate contribution from this load component. However, in the case of dominant injections from this load component, a higher EVR is obtained in the case of rated loading scenario as per expectation along with the weak satisfaction of power mismatch and CNCV criteria.
• The proposed relaxation provides an exact solution in the presence of realistic time-varying loads and DGs profiles i.e., in a realistic loading scenario, an optimal solution can be obtained even for LMs having large contributions from constant current loads and DNs exhibiting a high degree of unbalance.
• The KR methodology, when applied to MPG and SPG DNs, leads to an optimal value which differs significantly from the optimal value obtained from the MPSDP-based OPF relaxation. The grounding impedance, chosen OF and varying parameters of a ZIP load strongly impact the optimal solution value. However, under KR approach, the impact of these characteristics are lost completely. Consequently, the obtained solution from the KR-based OPF relaxation should be considered as a suboptimal solution.
• The CT of proposed relaxation increases to such an extent for a real DN, containing moderate number of nodes, that its real-time implementation cannot be practically realized unless additional strategies such as sparsity exploitation and/or distributed OPF algorithms are exploited for such networks.
VII. CONCLUSION
The coupled power injections across the conductors of neutral-equipped DNs are considered as the main bottleneck in the development of a convex OPF model for such networks. The proposed network admittance matrix-based methodology facilitates the decoupling of coupled power injections and provides explicit formulation of these injections for each phase and neutral conductor which ultimately leads to the development of a centralized SDP-based OPF model for DNNs. The novel complex voltage variable-based methodology overcomes the limitations of existing voltage magnitude-based approach for the modelling of a ZIP load in terms of optimization variable and, resultantly, allows to incorporate it in the proposed multi-phase relaxation without introducing new variables for each load bus. The quality of proposed relaxation, as indicated by the EVR, power mismatch and CNCV criteria, is quite evident since it provides an exact solution irrespective of the degree of unbalance and contribution in terms of power injections from constant impedance and constant power components. Regarding injections from the constant current component, the relaxation remains exact for lightly and moderately unbalanced DNs under both realistic (time varying) and extreme (rated) loading cases irrespective of the magnitude of injection from this component. On the other hand, in the case of highly unbalanced DNs, the relaxation can provide a suboptimal solution for load models having dominated constant current component under heavily loaded conditions, whereas under realistic loading scenario, it has shown the tendency to provide an exact solution for all load models in such networks.
The grounding impedance value plays a significant role in the exactness of proposed relaxation as putting an extremely small impedance to mimic a solidly grounded configuration can lead to a higher rank solution because of the optimization solver inability to handle poor numerical input data. Furthermore, the unrealistic application of KR approach to SPG and MPG DNs provides an under/over estimated optimal solution as compared to the solidly grounded DNs and, therefore, it is practically non-viable to utilize this approach for DNs which are grounded either at single or multiple points through a finite impedance.
The computational requirement of the proposed relaxation for medium and large size DNs increases significantly in comparison to the computational time observed for the three-phase OPF model. Consequently, the real-time implementation of proposed approach seems hard to realize for such networks. To overcome this limitation, the work is in progress to develop a novel distributed algorithm with special emphasis on incorporating the proposed OPF relaxation in LV distribution management system for effective and optimal participation of DGs in the context of grid management.
